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1. Let us consider the wing of finite span equal t o  2a located 

symmetrically with respect t o  the ye-plane. We w i l l  a8sume that  

the z-axis direction coincides with the direction of the a i r  flow 

at in f in i ty  and that the x-axis i s  directed perpendicularly to  the 

plane symmetric t o  the w i n g .  Lot b(x) be the w i n g  chord prof i le  

of the correspording z ab6cissa and r ( x )  the circulation along 

this profile, Let us denote by a ( x )  the geometric angle of attack 

and by V the air valocity at inf ini ty .  

On tb basis of wing symmetry we have 

r ( x )  = T(-X) ; b(x) = b(-x); &) = u(-x); (-&&a) (1.1) 

In w i n g  theory i t  is proved tha t  r ( x )  sa t i s f i e r  the following 

) integra-differantid equation duo t o  Prandtl (see [l], p.194; i3-3 

where m is a constant which usually equal& 2n; a more accurate 

value'of t h i s  nuxber i s  5.5 (see [l] , p. 194). 

Eqwtion (1.2) Ibr ringnlar since i t  contains an integral  which 

must be i n t e q r c t e d  i n  the 8enm of' the Cauchy principal value. Con- 

sequently it is impossible to  apply the usual integrB1 equation theory 

t o  it. Ye show, helow, that equation (1.2) may be replaced by a Fred- 

holm equation having a rether simple structure, 80 hbat i t  may be ilf- 

fect lvelg solved i n  important pract ical  cases (gee examples below). 



2. We l i m i t  ourselves t o  the consiaeration of ths case when - 
b(x) = 3 a* - x2 (-&*a) (2.1) 

P(X) 

where g(x) is an analyt ic  function on the segment ba,a3 which satis- 

fies the condition 

Evideikly, then, there e x i s t s  a simply connected rehion T con- 

ta ining a l ine  wlthin the eegiaent [-a, 

curve L such that the functlon p ( T )  I 8  holornorphic in T + L, 

Cutting the point of the segment E-a, a] out of T we Obt8in the 

and bounded by a smootlj clored 

doublr connected region which we denote by T*. The function 

b(f) = d n  (2.3 
P(3) 

eBldently will be holomorphlc in T* while we have i n  vtew below tha t  

branch of the funct5on which sa t i s f i e s  the condition 1 

b + ( X )  = - 3 - ( ~ )  b ( X )  > 0 (-&x&a) 

3. Let us consider the Cauchy type in tegra l  
/a 

which evidently repxscnt  s a function holomorphic everywhere on the 

plane except tile segment Ea,a 

In w h a t  fol lows,  we a s e u e  that p (x) is a function, continuous in 

the Holder sense, on C-:-a,a] and tha t  i t s  derivative i s  

r w  = rw 6 <  1 (3  2) 
(a* - ,218 

-----__ ~ ~ ~ " _  - 
1. The symbols f+(x) and f - (x) generally denote the limiting value 

) in the neighborhood of a,a2 when 5 +x of" t h i s  seg- 

ment from the upper or lower h d f q l m e  respectively. 



3 .  

where 

We a8sume that u ( x )  

*(x) i s  a function continuous in  the Holder sense on [-a,a] ~ 

i e  aleo continpons i n  the Holder s e m e  on E&,al 
I n  practice a 

Prom (3.1) 

by parts, taking 

t+q) = 

is  usually constant. 

by differentiating with respect t o  < and integrating 

into accouna ( l . l ) ,  we obtain 

( 3 . 3 )  

In l21' 8. 14uslchelirhvili II established tha t  4 (9 ) and +I(f) 

for the above assumptione with respect t o  r ( x ) ,  are continuously pro- 

longed from the in te r ior  point of the segment [-a,a] up t o  the sides of 

upper half-plan6 as well a& the lower. On the end-points of the segment 

[--a,g haV6 a singrllarity only ot logarithmic type and the integral  

term on the right side of (3.3) may have s i r~gu la r i t i e s  at these points of 

order l e s s  thah 1 

On the bzs i s  of the wellknown properties of the Cauchy type inbegrals, 

from (3.1) and (3.3) by passing t o  the l i m i t ,  we obtain 

(3.4) 

By vi r tue  of (3.4) , (3.5), and (2,4), equation (1.2) becomes 

++((x) + S i $ u  + + , , ( x )  + gi4-W = 41va(x) + 2ia 
111 b + W  m b,(x) 

Let us introduce the new function 

which is evidently 1iolOmOrphiC i n  T* and continuously prDlonged from 

the interior poizt  of [-a,a t o  the sides of the upper and lower half- 

plaXIeS. A t  tne  points -a and a * this function may have a singular i ty  
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but only of ord.er lees thai 1 [ 23. Then (3.6) become 

Accordi* t o  tho Cauchy formula 

(3.9) 

Using the Cauchy formula and theor-, we easily obtain 
a 

1 dt = ni 1 at = o (3.11) 
a m T q  m-' K 

Further, by virtue of  (2 .1 )  and 

2Nl 
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Hence by means of passing to the limit, we obtain the formula 

which we use later: 

Because the function r ( x )  i s  odd, from (3.1) we obtain 

+.+to) = - +,(N = A r ( 0 )  
2 

Consequently, accordiig to (3.4), we have from (3.16) 



where / X  

(3.22) 

In case a = constant , as i s  eae i ly  seen, 

g o ( x )  = -4va[i s ia l e ( t ) - e (xu  + t dt (3.23) 

Let  us nor W e  the  assumption which usually applies in wing theory 

r (a) = r ( - a )  = o (3.24) 

Let us cons&%& the two cases with the corresponding conditions 

coa e(&) # o ; cos @(a) = o (3.25) 

For the first condition,,we obtain from (3.19) for x = a by virtue 

Substituting th i s  i n  (3119) and tzking into accoun< (3.24) we obtain 
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By vfrtue of (3.24) with the second condition of (3.25), we obtain 

The f i r s t  of these x equations contains the undetermined constmt 

r(0) which, generally speaking, must be determined from the seoond 

equation. If this constant i s  not determined fram the spediffed aqua- 

tion, - then it met be selected i n  such a w a y  that the solution of the 

first equation of (3.30) will solve the Prandt l  equation (1.2). 
I 

Equatior-s (3.27) and (3 .30)  which a r e  obtained, always have a siarple 

stnucture since )in that iriportant par t icular  case when the function 

p(X) = / z / % ( x )  is r a t i o n a l ,  the kernels of these equations degen- 

e ra te ;  f . e .  have the form 
n 

But i n  the l a t t e r  case, the desired function f ( x )  is evidently ex- 

pressible i n  quadratures, sinoe thesolution of equations 63.27) and (3.30) 

then reducesfithe solution of a f in i t e  system of linear algebraic equations. 

The noted cases are of great practioal interest  because a w i n g  of a rb i t ra ry  

t o  

f orin .say a l w a y s  be approximated by any previously assigned accurate,profiles 1 
of specified form. Consequently the nethod set  down above pract ical ly  al- 

w q e  leads t o  the effcutive solution o f  Randtl's equation, 

Hote: To derive integral equation (3.19). we assumed that 

i s  analytic OD. [-a,B$. However, t h i s  equation in i t s  f i n a l  form remains 



a $redholm i n  the case when has, for example, a continuous 

flrst order  derivative on Ga,a]. Equation (3.19), under these more gen- 

e r a l  assumptions, w a s  obtained by L.I).Magnarad&e L43. 

,la"-x2/b(x) 

4, ut us consider some examples 

Example 1. L e t  there be an e l l i p t i ca l  wing 

b(x) = b0J1 - x2/a2 (4.1) 

In this case ~ ( x )  = constant and according t o  (3.22) 9K0(x,b) = 0. 

Therefore, from (3.19), by vi r tue  of (3.24), .re have 

r (XI = r ( o ) C O S  e ( ~ )  + g+) (4.2) 

while, as  is evident from (3,2O) 

e(x) = LC sin-' x/a ; X = ga/mbo (4.3 1 
Tl?s conatant r ( 0 )  is determined w i t h  t h r  aid of (3.24) if tltR 

first conditior,  of (3.25) occurs, which in the given case atasme8 the 

f o r m  cos nbt/Z # 0. If cos n X / 2  = 0 thentthe constant r (0) must Be 

determined f ron  the condition that formula (4.2) represents the solution 

of the Prandtl equation. In  the 8ame way, for a wing of e l l i p t i c  form at 

any angle of attack a , the solhtion of the Prandtl equation is constructed 

i n  evident form x i t h  the aid of (4.2). If u = c o n s t a t  , then by meanasof 

simple eoqct;,t$&ns one is convinced that  (4.2) assumes the f o r m  

r ( x i  = r ( o ) c o s  e(x) - 4aav cos e(x) + J'ZZ 
1 +x 1 +n 

Bow satisfying the oondition r (a) = 0 and assuming that cos -42 4 0 

we obtain the well-tmown formula (see Ll\ p. 203) 
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This formula remains valid i n  thecase when cos nx(2 = 0. Fer t h i s  

i t  i e  sufficient the& that the function cos 0(x) 3 cos(xarcain x/a), 

where x = -1 while Is i s  an io twr  n o t  sat i s fy ing  the homogeneme 

Prandtl equation (-0) ; t h i s  is easy t o  ahac with the aid of the mb- 

s t i tu t ion  x = R coo if the well-known formula i s  used (see [ 11 ,p 202) 

d q =  71 Bin n\V (n-an integer ) 
s i n  

Example 2: Let  US consider a w i n g  of the farm 

( 4.5) 

where ~1 end V &re each constante greater than -1. 

Became in the given case 

f r o m  ( 3 . 2 2 )  aad the second re lat ion of (3.28) by l i m i t i n g  the consideratione 

t o  the case when COE @(a) $ 0 ,  we find 

where 

while in the given case, 8 8  i t  is o o y  t o  find from (3.17p and (4.5) 

f o r  21 $0 (4.8) e(x) = Atu a r c s b  x/a + 
21 w 

O(x) = )(((I+ )arcsin x/a - %A x for u= 0 (4.9) 
2 2 

Su2e%i%uting (4.6) i n  (3.27) and taking into accaunt thet r ( x )  



Hence we find that  

where g(x) 

and q l (x )  i s  obtained from (4.7) for k = 1 . This forlolla yields  

le. determined with the a i d  of the f i r s t  formula o f  (3.28) 

the solution t o  the .brandtl equation in evident form for ang angle of at- 

tack a i n  the cam of wings given by (4.5). The importance of this for- 

mla is easy t o  estinate If it  i s  noted tha t  by varyiag the parameters p 

and 3 we may encompass by (4.5) a large number of pract ical  important 

wing forms. For example, in case = 0 ,  5., = 0.9 , we obtsin the w i n g  

which l a  almoet rectangular as is evident from th@ following table  

x/a 0 . 1  0 - 2  0.3 0.4 0.5 0.6 0.7 0.8 0.9 
b(x) 1.00 1.02 1.03 1.05 1.06 1.06 1.03 0.95 0.75 

b(x) = ( 1  + O09x2/a2 ) 

Let us note, f ina l ly ,  that following themethod outlined abote, i t  is 

poslarfbls t o  obtain a l s o  the expression for P ( x )  i n  the case of wing forms 

Wings of snch fonn in the case when a l l  % = 0 &-s cemidered by 

Schmidt , However, h i s  resulte appear l e s s  effective 
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